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We propose an efficient way to test rotational invariance in the cosmological perturbations by
use of galaxy correlation functions. In symmetry-breaking cases, the galaxy power spectrum can
have extra angular dependence in addition to the usual one due to the redshift-space distortion,
kˆ · nˆ. We confirm that, via the decomposition into not the usual Legendre basis L`(kˆ · nˆ) but the
bipolar spherical harmonic one {Y`(kˆ)⊗Y`′(nˆ)}LM , the symmetry-breaking signal can be completely
distinguished from the usual isotropic one since the former yields nonvanishing L ≥ 1 modes but
the latter is confined to the L = 0 one. As a demonstration, we analyze the signatures due to
primordial-origin symmetry breakings such as the well-known quadrupolar-type and dipolar-type
power asymmetries and find nonzero L = 2 and 1 modes, respectively. Fisher matrix forecasts of
their constraints indicate that the Planck-level sensitivity could be achieved by the SDSS or BOSS-
CMASS data, and an order-of-magnitude improvement is expected in a near future survey as PFS or
Euclid by virtue of an increase in accessible Fourier mode. Our methodology is model-independent
and hence applicable to the searches for various types of statistically anisotropic fluctuations.
I. INTRODUCTION
Symmetries give a basic guideline for building a cos-
mological model, and determine the statistical property
of the resulting cosmological perturbations. This paper
focuses on isotropy (rotational symmetry) as a key obser-
vational indicator in cosmology. A concordance model of
cosmology, such as a ΛCDM model or a single-field slow-
roll inflation model, predicts nearly isotropic and homo-
geneous cosmological fluctuations. The observed cosmic
microwave background (CMB) anisotropies indicate the
smallness of the symmetry breakings [1–5], supporting
such a concordance scenario, however, there are still room
for many alternatives (e.g. [6–19]).
For more stringent tests of these models, multidirec-
tional analyses with other observables are indispensable.
There are already many phenomenological studies on
e.g. galaxies [20–27], gravitational lensing [28–30], 21-cm
fluctuations [31] and CMB spectral distortions [32, 33].
These observables can yield the constraints at scales
and redshifts unaccessible by the analysis of the CMB
anisotropies, which most of the preceding studies focused
on [21, 34–41].
As an observable beyond the CMB anisotropies, we
here study the 2-point correlation function of galaxy dis-
tributions. In Ref. [21], the constraint on a statistically
anisotropic model from the SDSS data was obtained by
employing the angular correlation function defined in 2D
harmonic space. On the other hand, there has been
no analysis of cosmic statistical anisotropy based on the
galaxy clustering in full 3D space because such an anal-
ysis becomes much more complicated than the 2D case.
However, the cosmological information in the 3D cluster-
ing is expected to be much larger since the number of
Fourier modes is proportional to k3. This fact motivates
us to develop an accurate method in 3D because ongoing
and future galaxy surveys can probe larger and larger
volume.
The main goal of this paper is therefore to find an ef-
ficient way to extract the anisotropic information of any
cosmological source by use of the 3D galaxy correlation
function. In usual isotropic and homogeneous cases, the
angular dependence in the observed galaxy power spec-
trum is quantified by the radial components of peculiar
velocities of galaxies, known as redshift-space distortions,
and thus can be completely decomposed using the Legen-
dre polynomials L`(kˆ · nˆ), where kˆ · nˆ is the cosine of the
angle between a wave vector and a line-of-sight direction.
In our cases, however, the breaking of isotropy induces
extra angular dependences and the Legendre expansion
would fail to capture the full angular dependences. We
hence consider the decomposition into the bipolar spher-
ical harmonic (BipoSH) basis {Y`(kˆ) ⊗ Y`′(nˆ)}LM [42].
This kind of basis was previously utilized to deal with the
CMB statistical anisotropy [43–47] and the wide-angle
effect in the galaxy survey [48–54]. In the main text of
this paper, we discuss the symmetry-breaking signatures
by means of the formalism not including the wide-angle
effect. We then find that, by virtue of the BipoSH decom-
position, the signal due to anisotropy can be efficiently
filtered from the galaxy power spectrum because of the
presence of nonzero L ≥ 1 modes.1
After studying the formalism, we demonstrate its usage
by analyzing two specific models of the anisotropic galaxy
1 As shown in Appendix B, even if the wide-angle effect ex-
ists, the statistically-anisotropic signatures are completely distin-
guishable according to the tripolar spherical harmonic (TripoSH)
decomposition [42].
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2power spectra. The first model contains the quadrupo-
lar directional dependence, (kˆ · pˆ)2, where pˆ is some pre-
ferred direction. This can be realized e.g. in the inflation-
ary models involving the vector field [9–15], or from an
inflating solid or elastic medium [16, 17]. These mod-
els also predict symmetry-breaking non-Gaussianities
[12, 15, 16, 55–58]. The second one contains the dipo-
lar modulation, xˆ · pˆ, which is detected from large-scale
CMB data [2–4]. Such term may be related to e.g. super-
curvature fluctuations in the inflationary era [6, 7, 59, 60]
or primordial non-Gaussianities [61–65]. Strictly speak-
ing, this type of modulation also breaks statistical ho-
mogeneity. However, the deviation from homogeneity is
negligibly small; thus, one may assume the translation
invariance in the phenomenological study. We show that
the BipoSH decomposition successfully extracts the dis-
tinctive signal coming from these directional-dependent
terms because of nonzero L = 2 and 1 modes. The de-
tectability of the symmetry-breaking signal generated in
these models is estimated via the Fisher matrix computa-
tions. In this paper we consider four generation surveys:
the Sloan Digital Sky Survey (SDSS) [66], the Baryon
Oscillation Spectroscopic Survey (BOSS) [67, 68] that is
part of SDSS-III [69], the Subaru Prime Focus Spectro-
graph (PFS) [70], and Euclid [71]. We then find that
the analysis with the BipoSH coefficients could realize
the sensitivity comparable to (beyond) the Planck results
[2–4] in a current (futuristic) galaxy survey.
This paper is organized as follows. In the next section,
we introduce the BipoSH decomposition to extract the
anisotropic signal from the 3D galaxy correlation func-
tion, and check the response of the BipoSH coefficients to
primordial-origin quadrupolar and dipolar power asym-
metries. In Sec. III, we compute the Fisher matrix and
find minimum detectable amplitudes of the quadrupolar
and dipolar asymmetries in the past, present and futur-
istic galaxy surveys. Section IV concludes this paper.
In Appendix A, we explain how to estimate minimum
detectable amplitudes of the quadrupolar and dipolar
asymmetries from the 2D angular correlation, which are
compared with the 3D results in Sec. III. In Appendix B,
we summarize a complete decomposition technique using
the TripoSH basis for the 3D galaxy correlation function
including the wide-angle effect. Mathematical identities
used for derivations are summarized in Appendix C.
II. BIPOSH DECOMPOSITION OF GALAXY
CORRELATION FUNCTIONS
Direct observables in galaxy surveys are the 3D posi-
tions of galaxies in redshift space, x. Thus let us begin
with the redshift-space overdensity of galaxies, δs(x, z),
where the superscript s denotes a quantity defined in
redshift space. An argument of time, namely redshift
z, will be hereinafter omitted in some variables for sim-
plicity. The 2-point galaxy correlation function ξs ≡
〈δs(x1)δs(x2)〉 is characterized by the three directions,
xˆ1, xˆ2 and xˆ12 ≡ x̂1 − x2, and hence decomposed using
the TripoSH basis {Y`(x̂12) ⊗ {Y`1(xˆ1) ⊗ Y`2(xˆ2)}`′}LM
[42, 50–54]. This is a complete treatment but not suit-
able for a practical analysis because of the computational
complexity. We therefore adopt the so-called local plane
parallel approximation xˆ1 = xˆ2 ≡ nˆ in the following dis-
cussions (see Appendix B for a complete analysis without
this approximation). This approximation is justified as
long as the visual angle for the correlation scales of inter-
est x12 is small. Under this approximation, the 2-point
correlation function can be expanded according to
ξs(x12, nˆ) =
∑
``′LM
ξLM``′ (x12)X
LM
``′ (xˆ12, nˆ) , (1)
where the BipoSH basis [42] reads
XLM``′ (xˆ12, nˆ) ≡ {Y`(xˆ12)⊗ Y`′(nˆ)}LM
=
∑
mm′
CLM`m`′m′Y`m(xˆ12)Y`′m′(nˆ) (2)
with Cl3m3l1m1l2m2 ≡ (−1)l1−l2+m3
√
2l3 + 1
(
l1 l2 l3
m1 m2 −m3
)
de-
noting the Clebsch-Gordan coefficients. The orthonor-
mality of the BipoSH,∫
d2xˆ12
∫
d2nˆXLM``′ (xˆ12, nˆ)X
L˜M˜∗
˜``˜ ′ (xˆ12, nˆ)
= δL,L˜δM,M˜δ`,˜`δ`′,˜`′ , (3)
yields the translation law
ξLM``′ (x12) =
∫
d2xˆ12
∫
d2nˆξs(x12, nˆ)X
LM∗
``′ (xˆ12, nˆ).(4)
An interesting property of this BipoSH decomposition
is that the isotropic information is completely confined
to the zero total angular momentum modes ξ00``′(x12). In
other words, breaking rotational symmetry is required for
the generation of nonvanishing L ≥ 1 modes and there-
fore they will become clean observables of cosmic statis-
tical anisotropy. The identical property is also seen in
more general expression without the local plane parallel
approximation as shown in Appendix B
To investigate the signal expected from the theoretical
models, we move to the Fourier space, according to
δs(x) =
∫
d3k
(2pi)3
δs(k)eik·x . (5)
In the models focused on below, the departure from sta-
tistical homogeneity in the primordial power spectrum is
completely absent or negligibly small; thus, the galaxy
power spectrum is always written as
〈δs(k1)δs(k2)〉 = (2pi)3P s(k1, nˆ)δ(3) (k1 + k2) . (6)
When this is decomposed by following
P s(k, nˆ) =
∑
``′LM
piLM``′ (k)X
LM
``′ (kˆ, nˆ) , (7)
3the expansion coefficients are related to the real-space
ones according to the Hankel transformation:
ξLM``′ (x12) = i
`
∫ ∞
0
k2dk
2pi2
j`(kx12)pi
LM
``′ (k) . (8)
To derive this, we have used Eqs. (C2) and (C6). The
translation law reads
piLM``′ (k) =
∫
d2kˆ
∫
d2nˆP s(k, nˆ)XLM∗``′ (kˆ, nˆ) . (9)
In the following, we assume that the Universe is rota-
tionally asymmetric during inflation, but after that, it is
completely isotropized and the density fluctuations grow
linearly. Then Eq. (5) is simply expressed as [72, 73]
δs(x) =
∫
d3k
(2pi)3
δm(k)
[
b+ f(kˆ · xˆ)2
]
eik·x , (10)
where b(z) is a scale-independent bias parameter. The
matter fluctuation δm is linearly related to the primor-
dial curvature perturbation ζ according to δm(k, z) =
Mk(z)ζk, with Mk(z) being the matter transfer func-
tion. The prefactor for the redshift-space distortion,
f(z), is a function of the growth factor D(a), reading
f ≡ ∂ lnD/∂ ln a with a denoting the scale factor. For
simplicity, let us focus on the equal-time (z1 = z2) corre-
lation alone. In the local plane-parallel limit, the galaxy
power spectrum reads
P s(k, nˆ) = Pm(k)
[
b+ f(kˆ · nˆ)2
]2
, (11)
where Pm is the dark matter power spectrum in real
space.
In the case that Pm is independent of kˆ and nˆ; namely,
the Universe is isotropic, via the computations described
in Appendix C, one can obtain
piLM``′ (k) = P`(k)
4pi
2`+ 1
H−1``0δ`,`′δL,0δM,0 , (12)
where Hl1l2l3 ≡
(
l1 l2 l3
0 0 0
)
and
P0(k) =
(
b2 +
2
3
bf +
1
5
f2
)
M2kPζ(k) , (13)
P2(k) =
(
4
3
bf +
4
7
f2
)
M2kPζ(k) , (14)
P4(k) =
8
35
f2M2kPζ(k) , (15)
P1(k) = P3(k) = P`≥5(k) = 0 , (16)
with Pζ being the isotropic primordial curvature power
spectrum. As clearly seen here, the signal is confined to
L = 0. In contrast, as demonstrated below, the breaking
of rotational symmetry in Pm can induce nonvanishing
signal for L ≥ 1. We here demonstrate it by investigat-
ing the signal generated in two popular primordial-origin
symmetry-breaking models, i.e., the so-called quadrupo-
lar and dipolar rotational asymmetries.
For such analyses, let us introduce the reduced coeffi-
cients
PLM``′ ≡ piLM``′ (−1)L
√
(2L+ 1)(2`+ 1)(2`′ + 1)
(4pi)2
H``′L,
(17)
where H``′L filters even `+ `
′+L components. This nor-
malizes the BipoSH coefficients as P 00`` (k) recovers the
usual Legendre coefficients P`(k) [73] [see Eq. (12)]. In
the models discussed below, PLM``′ (k) has the equal in-
formation to piLM``′ (k) because of the absence of the odd
`+ `′ + L signal in piLM``′ (k).
We begin from the analysis of the quadrupolar asym-
metry model.
A. Signatures of primordial quadrupolar
asymmetry
The primordial quadrupolar power asymmetry means
the primordial curvature power spectrum modulated by a
directional-dependent quadratic term g∗(kˆ·pˆ)2, where pˆ is
a preferred direction. Nonzero g∗ arises from anisotropic
sources, such as the vector field [9–15], or an inflating
solid or elastic medium [16, 17]. This was tested with
the observational data through a parametrization:
〈ζk1ζk2〉 = (2pi)3Pζ(k1)δ(3)(k1 + k2)[
1 +
∑
M
g2Mf(k1)Y2M (kˆ1)
]
, (18)
where g∗2M = (−1)Mg2−M [46, 74]. The shape of f(k)
depends strongly on the inflationary Lagrangian.2 In an
inflationary model involving a inflaton-vector coupling
such as G(φ)F 2 or G(φ)FF˜ , the scaling of f(k) is de-
termined by the shape of G(φ) [12, 14, 15]. In this
paper, we assume a power-law shape, f(k) = (k/kg)
n
with kg ≡ 0.05 Mpc−1, and analyze in terms of 4 in-
dices: n = −2,−1, 0 and 1. These were already con-
strained from the latest CMB data in the Planck exper-
iment, as |g2M | . 0.01 [1–3].3 In Ref. [21], employing
the 2D galaxy angular correlation, a comparable upper
bound was obtained from the photometric luminous red
galaxies (LRGs) measured in the SDSS survey.
In this case, the resultant matter power spectrum de-
pends on kˆ, reading
Pm(k) = M
2
kPζ(k)
[
1 +
∑
M
g2Mf(k)Y2M (kˆ)
]
. (19)
2 The linear growth rate f should be distinguished from this f(k).
3 The Planck collaboration also constrained the case of f(k) ∝ k2,
while we here do not consider this since the induced galaxy an-
gular correlation diverges in the ultraviolet limit, spoiling the
2D Fisher matrix forecast discussed in the next section and Ap-
pendix A.
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FIG. 1. Top two panels: ∂P 2Ml1l2/∂g2M with f(k) = 1 and ∂P
1M
l1l2
/∂A1M with f(k) = (k/k
c
A)
−1/2 for all possible (l1, l2). Bottom
two panels: ∂P 2M20 /∂g2M and ∂P
1M
01 /∂A1M for each f(k). The dashed lines in the top (bottom) two panels describe P0, P2 and
P4 (P0). These correspond to the results for b = 2.0 and z = 0.5. The cross point of the colored lines in the left (right) bottom
panel corresponds to the pivot scale kg (k
c
A).
Computing Eq. (9) with this by means of the law of ad-
dition of angular momentum described in Appendix C,
we obtain
piLM``′ (k) = P`′(k)
[
4pi
2`+ 1
H−1``0δ`,`′δL,0δM,0
+
√
4pi(2`+ 1)
(2`′ + 1)
H``′2g2Mf(k)δL,2
]
. (20)
This clearly shows that nonvanishing pi2M``′ can be a
compelling evidence of the existence of the quadrupolar
asymmetry or g2M . A parity-even condition and a trian-
gular inequality of H``′2 restrict the allowed multipoles
in pi2M``′ to (`, `
′) = (2, 0), (0, 2), (2, 2), (4, 2), (2, 4), (4, 4)
and (6, 4).
The left top panel of Fig. 1 depicts all possible
∂P 2M``′ /∂g2M for f(k) = 1, where P
2M
``′ is given by
Eq. (17). We confirm there a magnitude relation |P 2M20 | >
|P 2M02 | ∼ |P 2M22 | ∼ |P 2M42 | > |P 2M24 | ∼ |P 2M44 | ∼ |P 2M64 |, in-
dicating that P 2M20 contributes dominantly to the signal-
to-noise ratio. However, ∂P 2M20 /∂g2M always falls below
the size of cosmic variance, P0. The left bottom panel
shows P 2M20 for each f(k). It is apparent that the tilt
of P 2M20 varies corresponding to the tilt of f(k). Ow-
ing to this, ∂P 2M20 /∂g2M for f(k) = (k/kg)
−2,−1 and
f(k) = k/kg can exceed the level of cosmic variance at
k . kg and k & kg, respectively.
B. Signatures of primordial dipolar asymmetry
In a statistically-isotropic CMB field T (xˆ), a 3σ-level
directional-dependent dipolar modulation, A · xˆ, was dis-
covered [2–4, 75, 76]. The constraints from high-` data
indicate a decaying behavior as |A| ' 0.03(`/60)−1/2 [4].
There is another constraint from the density of quasars
at lower redshifts, indicating the disappearance of A at
k ∼ 1 Mpc−1 [34]. This can be interpreted as the conse-
quence of the position-dependent dipolar asymmetry gen-
erated in the primordial curvature perturbation, which is
5expressed as
ζk(x) = ζ¯k
[
1 +
∑
M
A1Mf(k)Y1M (xˆ)
]
, (21)
where A∗1M = (−1)MA1−M , and ζ¯ is the isotropic
and homogeneous component of the curvature pertur-
bation, whose power spectrum is given by
〈
ζ¯k1 ζ¯k2
〉
=
(2pi)3Pζ(k1)δ
(3)(k1 + k2). A decaying behavior observed
in CMB is realized by choosing f(k) = (k/kcA)
−1/2 with
kcA ≡ 0.005 Mpc−1. Such a decaying dipolar asymmetry
can be produced e.g. by supercurvature modes of a scalar
spectator field [6, 7, 59, 60]. On the other hand, there
is a theoretical model with a modulation of the scalar
spectral index, generating the dipolar asymmetry that
vanishes at k ∼ kqA ≡ 1 Mpc−1 but presents at larger and
smaller scales [77]. In Ref. [31], the detectability of the
induced 21-cm power spectrum was studied by use of a
parametrization f(k) = (1−k/kqA)2. Here, let us analyze
on these two theoretically- and observationally-motivated
shapes.4 5
Assuming |A1Mf(k)|  1 at observed scales, the in-
duced matter power spectrum (under the local plane par-
allel approximation) depends on xˆ1 = xˆ2 ≡ nˆ according
to
Pm(k) 'M2kPζ(k)
[
1 + 2
∑
M
A1Mf(k)Y1M (nˆ)
]
. (22)
The galaxy power spectrum estimated by plugging this
into Eq. (11) is translated into piLM``′ according to Eq. (9).
Adding angular momenta in the Wigner symbols as done
in Appendix C, we obtain
piLM``′ (k) = P`(k)
[
4pi
2`+ 1
H−1``0δ`,`′δL,0δM,0
−2
√
4pi(2`′ + 1)
(2`+ 1)
H``′1A1Mf(k)δL,1
]
.(23)
It is obvious here that the modulation due to the dipolar
asymmetry creates nonvanishing pi1M``′ for (`, `
′) = (0, 1),
(2, 1), (2, 3), (4, 3) and (4, 5).
The right top panel of Fig. 1 displays the magnitude
relation of all nonvanishing components of ∂P 1M``′ /∂A1M
for f(k) = (k/kcA)
−1/2, where P 1M``′ is given by Eq. (17),
indicating the dominance of P 1M01 . The difference of the
shapes between P 1M01 for f(k) = (k/k
c
A)
−1/2 and that for
f(k) = (1 − k/kqA)2 is seen in the right bottom panel.
The inferiority of ∂P 1M01 /∂A1M for f(k) = (k/k
c
A)
−1/2 at
k & kcA with respect to the level of cosmic variance P0 is
confirmed.
III. FISHER FORECASTS
In this section, we estimate the sensitivities to g2M and
A1M . The Fisher matrix for hLM 3 g2M , A1M from the
reduced BipoSH coefficients PLMl1l2 (≡ P) (17) is defined
by
F =
∂P
∂h
Cov−1[P†,P]
(
∂P
∂h
)†
, (24)
where we have adopted a matrix representa-
tion. Via Eq. (9), the covariance Cov[P†,P] =〈
PLM∗l1l2 (k)P
L′M ′
l′1l
′
2
(k′)
〉
c
is translated from that of P s,
〈P s(k, nˆ)P s(k′, nˆ′)〉c = 4pi
δk,k′
Nk
[∑
J
P
(O)
J (k)LJ(kˆ · nˆ)
]2 [
δ(2)(kˆ + kˆ′) + δ(2)(kˆ − kˆ′)
]
4piδ(2)(nˆ− nˆ′) , (25)
where 〈· · ·〉c is the connected part of the ensemble average, and Nk = 4pik2∆kV/(2pi)3 is the mode number with V
and ∆k being the volume of the survey area and the interval between each Fourier mode. The Legendre coefficients
are given by the sum of cosmic variance and the homogeneous shot noise and hence P
(O)
0 = P0 + 1/ng, P
(O)
2 = P2,
P
(O)
4 = P4 and P
(O)
1 = P
(O)
3 = P
(O)
J≥5 = 0 with ng denoting the number density of galaxies. Since our analysis is based
on the local plane parallel approximation, the covariance may include 4piδ(2)(nˆ − nˆ′). Adding angular momenta by
following the computational procedure in Appendix C, we can derive〈
PLM∗l1l2 (k)P
L′M ′
l′1l
′
2
(k′)
〉
c
= δL,L′δM,M ′
δk,k′
Nk
ΘLl1l2,l′1l′2(k) , (26)
4 We here do not discuss f(k) = 1 − k/kqA, which was also con-
sidered in Ref. [31], because the result is very similar to that for
f(k) = (1− k/kqA)2.
5 Strictly speaking, the curvature power spectra generated in such
models break statistical homogeneity, inducing nonvanishing off-
diagonal modes k1 6= −k2. However, such modes are subdomi-
nant compared to the diagonal ones (because of the smallness of
the departure from homogeneity) and thus the curvature pertur-
bation (approximately) follows Eq. (21).
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FIG. 2. Expected 1σ errors ∆g2M (left panels) and ∆A1M (right panels) for each f(k), as a function of kmax. These are
obtained from the 3D Fisher matrix (28) assuming the SDSS-like, CMASS-like (top panels), PFS-like and Euclid-like (bottom
panels) surveys. We adopt kmin = 0.005hMpc
−1.
where
ΘLl1l2,l′1l′2(k) = (2l1 + 1)(2l2 + 1)(2l
′
1 + 1)(2l
′
2 + 1)(2L+ 1)(−1)l1
[
1 + (−1)l′1
]
Hl1l2LHl′1l′2L
∑
JJ ′
P
(O)
J (k)P
(O)
J′ (k)∑
L1L2
(2L1 + 1)(2L2 + 1)Hl1JL1Hl2JL2Hl′1J′L1Hl′2J′L2
{
L L1 L2
J l2 l1
}{ L L1 L2
J′ l′2 l
′
1
}
, (27)
with the function enclosed by the curly bracket denoting the Wigner 6j symbol. The Fisher matrix is therefore
diagonalized as
FLM,L′M ′ = δL,L′δM,M ′V
∫ kmax
kmin
k2dk
2pi2
∑
l1l2l′1l
′
2
∂PLMl1l2 (k)
∂hLM
(
Θ−1
)L
l1l2,l′1l
′
2
(k)
(
∂PLMl′1l′2
(k)
∂hLM
)∗
, (28)
where we have taken the continuous limit
∑
k ∆k →
∫
dk. This is the expression for one redshift bin, while the co-add
information from Nbin independent redshift bins further enhances the Fisher matrix as
F totLM,LM =
Nbin∑
i=1
FLM,LM (zi) . (29)
The expected 1σ errors on hLM are computed according
7z b ng [h
3 Mpc−3] V [h−3 Gpc3]
SDSS [66] 0.33 2.00 6.7× 10−5 1.58
CMASS [69] 0.50 2.00 2.9× 10−4 2.50
PFS [70] 0.70 1.18 1.9× 10−4 0.59
0.90 1.26 6.0× 10−4 0.79
1.10 1.34 5.8× 10−4 0.96
1.30 1.42 7.8× 10−4 1.09
1.50 1.50 5.5× 10−4 1.19
1.80 1.62 3.1× 10−4 2.58
2.20 1.78 2.7× 10−4 2.71
Euclid 1.15 1.33 6.1× 10−4 4.57
[71, 78] 1.25 1.38 5.2× 10−4 4.84
1.35 1.44 4.4× 10−4 5.08
1.45 1.50 3.5× 10−4 5.28
1.55 1.55 2.5× 10−4 5.45
1.65 1.61 1.6× 10−4 5.59
1.75 1.67 1.5× 10−4 5.71
1.85 1.73 9.3× 10−5 5.80
TABLE I. Experimental parameters adopted for computa-
tions of the Fisher matrix (28).
to ∆hLM = 1/
√
F totLM,LM .
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Figure 2 describes ∆g2M and ∆A1M obtained from the
above Fisher matrix as a function of kmax. We are now
interested in how much the sensitivity to g2M or A1M
can improve as time goes by and thus analyze with V ,
ng and b in four generation surveys: SDSS [66], BOSS
CMASS [69], PFS [70] and Euclid [71, 78]. The numbers
adopted here are listed in Table I. Assuming that the
cosmological parameters are well-determined by analyz-
ing the isotropic component P 00`` , we fix them to be the
values close to the current observational limits [79] and
do not vary in this Fisher matrix computation. Com-
pared with SDSS or CMASS, V and ng will drastically
increase in the future surveys as PFS and Euclid. This
fact could result in the sensitivity beyond the Planck re-
sults (∆g2M ∼ ∆A1M ∼ 10−2 [1–4]) at high kmax, as
shown in the bottom panels.
To understand the kmax dependence, let us find an-
alytic expressions of the Fisher matrix. Owing to the
largeness of P 2M20 or P
1M
01 compared with the others (as
seen in the previous section), we may evaluate the Fisher
matrix with such a dominant component alone. This
treatment is reasonable because the contribution from
the others is less than sub percent of that from P 2M20 or
P 1M01 . Using a fact that P
(O)
0  P (O)J≥1, we find the re-
6 We here ignore the information from the cross-correlated power
spectra between different redshifts for simplicity, while adding
them, in principle, further improves the sensitivity.
f(k) SDSS CMASS PFS Euclid
(k/kg)
1 1.2 (3.3) 0.55 (2.4) 0.40 0.22
1 2.3 (5.1) 1.1 (3.5) 0.78 0.43
(k/kg)
−1 2.8 (3.5) 1.7 (2.5) 1.0 0.55
(k/kg)
−2 0.93 (0.65) 0.66 (0.51) 0.36 0.19
TABLE II. Expected 1σ errors ∆g2M/10
−2 estimated from
the 3D Fisher matrix at kmax = 0.2hMpc
−1. For the
SDSS (CMASS) case, we also present the results from the
2D Fisher matrix at the corresponding angular resolution,
i.e. `max ' 280 (350), in the brackets. We here adopt
kmin = 0.005hMpc
−1 and `min = 2.
f(k) SDSS CMASS PFS Euclid
(k/kcA)
−1/2 4.4 (7.2) 2.4 (5.0) 1.6 0.84
(1− k/kqA)2 1.4 (2.9) 0.70 (2.0) 0.48 0.26
TABLE III. Expected 1σ errors ∆A1M/10
−2, but otherwise
the same parameters as Table II.
duced expressions:
F
(g)
2M,2M ' V
∫ kmax
kmin
k2dk
2pi2
f2(k)
8pi
(
P0(k)
P
(O)
0 (k)
)2
, (30)
F
(A)
1M,1M ' V
∫ kmax
kmin
k2dk
2pi2
f2(k)
2pi
(
P0(k)
P
(O)
0 (k)
)2
. (31)
Let us consider a cosmic-variance-limited (CVL) level
measurement. The shot noise is then ignored, i.e.
P0(k)/P
(O)
0 (k) ' 1, and thus the Fisher matrix is in-
dependent of ng. By assuming f(k) = (k/kg)
n or
f(k) = (k/kA)
n, the k integrals are computed analyti-
cally and hence we obtain
F
(g)tot
2M,2M '
Vtotk
3
g
16pi3
×
{[
(kmaxkg )
2n+3 − (kminkg )2n+3
]
1
2n+3 : n 6= − 32
ln(kmaxkmin ) : n = − 32
, (32)
F
(A)tot
1M,1M '
Vtotk
3
A
4pi3
×
{[
(kmaxkA )
2n+3 − (kminkA )2n+3
]
1
2n+3 : n 6= − 32
ln(kmaxkmin ) : n = − 32
. (33)
where Vtot =
∑Nbin
i=1 V (zi) is the total survey volume.
These indicate that the Fisher matrix is sensitive to kmax
or kmin when n > −3/2 or n < −3/2. The 1σ error bars
computed from these recover the lines in the SDSS case in
Fig. 2, and especially agree with the lines in the CMASS,
PFS or Euclid case because of the smallness of the shot
noise. Note that the lines for the dipolar asymmetry case
with f(k) = (1 − k/kqA)2 are also recovered by Eq. (33)
with n = 0, since f(k) is almost flat within kmax shown
in Fig. 2.
Tables II and III summarize ∆g2M and ∆A1M at
kmax = 0.2hMpc
−1, respectively, for each survey. For
8comparison, in the SDSS and CMASS cases, we present
the results obtained from the 2D Fisher matrix (A12)
or (A13) at the corresponding angular resolutions, which
are given by `max = kmaxx(z¯) with z¯ = 0.4 and 0.5 being
mean redshifts in SDSS and CMASS, respectively.7 This
table indicates that, except for f(k) ∝ k−2, the 3D esti-
mator could outperform the 2D one. This is due to a fact
that, if f(k) is blue-tilted compared with k−3/2, ∆h3DLM
decreases more rapidly than ∆h2DLM as kmax or `max in-
creases, e.g., ∆h3DLM ∝ k−3/2max vs. ∆h2DLM ∝ `−1max for the
f(k) = 1 case [see Eqs. (32), (33), (A16) and (A17)].
IV. CONCLUSIONS
Statistical isotropy is an essential property of the cos-
mological fluctuations; hence, their accurate tests are re-
quired for unambiguous establishment of the cosmologi-
cal scenario. In this paper, we developed an efficient way
to test isotropy with observed galaxy distributions. An
estimator based on the 2D angular correlation function
had been discussed in the earlier literature, while we here
considered that based on the 3D correlation function for
the first time.
If the Universe is statistically anisotropic, in addition
to kˆ·nˆ due to redshift-space distortions, extra angular de-
pendence arises in the galaxy power spectrum measured
from galaxy surveys. The usual Legendre expansion is
then no longer valid; thus, we performed a new type of
decomposition using the BipoSH basis (2). In the re-
sultant expansion coefficients piLM``′ , the L 6= 0 modes can
never generated unless the isotropic condition is violated,
so they are unbiased observables of the symmetry break-
ings.
For a demonstration, we considered a situation that the
power spectrum of primordial curvature perturbations
contains the usual quadrupolar-type (g2M ) or dipolar-
type (A1M ) power asymmetry, and computed pi
LM
``′ from
the induced galaxy power spectrum. We then confirmed
that the quadrupolar and dipolar modulations create
nonvanishing L = 2 and L = 1 components, respectively.
The signal-to-noise ratio of the 3D correlation func-
tion is more sensitive to the number of available Fourier
modes than the 2D case. Owing to this, our 3D estimator
outperforms the usual 2D one in many cases. The Fisher
matrix computations based on piLM``′ led to a Planck -level
sensitivity ∆g2M ∼ ∆A1M ∼ 0.01 in the measurement
with the SDSS or CMASS data. The error bars could
shrink by an order of magnitude in the futuristic surveys
as PFS and Euclid.
7 The experimental information required for the 2D Fisher matrix
analysis (i.e. the shape of the radial selection function W (z), the
number of galaxies distributed on a 2D observed region Ng and
the fraction of the sky coverage fsky) is adopted from Refs. [21,
80] (SDSS) and [81, 82] (CMASS).
Besides the primordial symmetry breakings, the statis-
tically anisotropic signal could also arise from some late-
time phenomena [8] or the super sample signal beyond
the survey area [83–86]. These other sources could also
generate some other nontrivial features in the L 6= 0 com-
ponents of piLM``′ , motivating further theoretical investiga-
tions. The application of our decomposition technique to
the real data is another interesting and important topic.
Toward this end, nontrivial effects from small-scale non-
linear physics [20] and contaminations due to specific sur-
vey geometry need to be studied. These theoretical and
observational issues will be addressed in our ongoing and
forthcoming projects.
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Appendix A: Angular correlations from the
primordial quadrupolar and dipolar asymmetries
In this Appendix we formulate the 2D angular power
spectrum and the Fisher matrix that are used for the
comparison with the 3D results in Sec. III. A similar
formalism was already discussed in the literature of the
galaxy [21], CMB [46, 74, 87] and 21-cm [31] power spec-
tra, so we do not present the detailed derivations.
Now we move to 2D harmonic space according to
a`m =
∫
d2xˆY ∗`m(xˆ)
∫ ∞
0
dzW (z)δs(x) , (A1)
where W (z) is a radial selection function satisfying∫∞
0
dzW (z) = 1, extracting the information of galaxy
distributions at each redshift slice. The shape strongly
depends on the design of the galaxy survey under exam-
ination. In the g2M -type asymmetry case, the harmonic
coefficient is formulated as
a`m = 4pii
`
∫
d3k
(2pi)3
Y ∗`m(kˆ)ζkT`(k) , (A2)
9where the transfer function T`(k) reads [80]
T`(k) = t`(k) + 2`
2 + 2`− 1
(2`− 1)(2`+ 3) t˜`(k)
− (`− 1)`
(2`− 1)(2`+ 1) t˜`−2(k)
− (`+ 1)(`+ 2)
(2`+ 1)(2`+ 3)
t˜`+2(k) , (A3)
with
t`(k) =
∫ ∞
0
dzW (z)b(z)Mk(z)j`(kx(z)) , (A4)
t˜`(k) =
∫ ∞
0
dzW (z)f(z)Mk(z)j`(kx(z)) . (A5)
This and Eq. (18) yield the g2M -type angular power spec-
trum given by 〈a`1m1a`2m2〉 = C`1(−1)m1δ`1,`2δm1,−m2 +
(−1)m2C`1m1,`2−m2 , where
C` =
2
pi
∫ ∞
0
k2dkPζ(k)T 2` (k) , (A6)
C`1m1,`2m2 = i
`1−`2G`1`2(−1)m1h`1`22∑
M
g2M
(
`1 `2 2
−m1 m2 M
)
, (A7)
with hl1l2l3 ≡
√
(2l1 + 1)(2l2 + 1)(2l3 + 1)/(4pi)
(
l1 l2 l3
0 0 0
)
and
G`1`2 =
2
pi
∫ ∞
0
k2dkPζ(k)f(k)T`1(k)T`2(k) . (A8)
The existence of the geometrical function h`1`22 indicates
that C`1m1,`2m2 has nonvanishing signal at not only the
diagonal part `1 = `2 but also the off-diagonal one obey-
ing |`1 − `2| = 2.
The harmonic coefficients from the curvature perturba-
tion involving the dipolar asymmetry (21) can be divided
into the symmetric component and the asymmetric mod-
ulation as a`m = a¯`m + a
dip
`m , where a¯`m is the same as
Eq. (A2), and
adip`m =
∑
LM
4piiL
∫
d3k
(2pi)3
Y ∗LM (kˆ)ζ¯kf(k)TL(k)
(−1)mh`L1
∑
M ′
A1M ′
(
` L 1
−m M M ′
)
. (A9)
Assuming |A1Mf(k)|  1, we may ignore a
O(|A1Mf(k)|2) term and hence obtain C` equivalent to
Eq. (A6) and
C`1m1,`2m2 = (G`1`1 +G`2`2) (−1)m1h`1`21∑
M
A1M
(
`1 `2 1
−m1 m2 M
)
. (A10)
One can confirm from the triangular inequality and
parity-even condition of h`1`21 that C`1m1,`2m2 can take
nonzero values only when |`1 − `2| = 1 holds.
The Fisher matrix derived on the basis of the diagonal
covariance matrix approximation reads [46, 87, 88]
FLM,L′M ′ =
fsky
2
∑
`1m1`2m2
∂C`1m1`2m2
∂h∗LM(
C
(O)
`1
C
(O)
`2
)−1 ∂C∗`1m1`2m2
∂hL′M ′
. (A11)
Substituting Eqs. (A7) and (A10) into this leads to the
bottom-line forms, reading
F
(g)
2M,2M ′ = δM,M ′
fsky
10
`max∑
`1,`2=`min
h2`1`22
G2`1`2
C
(O)
`1
C
(O)
`2
, (A12)
for the g2M case and
F
(A)
1M,1M ′ = δM,M ′
fsky
6
`max∑
`1,`2=`min
h2`1`21
(G`1`1 +G`2`2)
2
C
(O)
`1
C
(O)
`2
,
(A13)
for the A1M case. The Fisher matrix including co-add
information of multi-redshift slices, F tot, is obtained via
Eq. (29). The expected 1σ errors can be computed by
∆hLM = 1/
√
F totLM,LM .
If considering realistic surveys, C
(O)
` includes the shot
noise in addition to cosmic variance, as C
(O)
` = C` +
4pifsky/Ng, where Ng is the number of galaxies dis-
tributed in the survey area on 2D sphere. On the other
hand, assuming a noiseless CVL survey where C
(O)
` ' C`
holds, the Fisher matrix with f(k) ' 1 simplifies to
F
(g)f(k)'1
2M,2M '
fsky
10
`max∑
`1,`2=`min
h2`1`22 , (A14)
F
(A)f(k)'1
1M,1M '
2fsky
3
`max∑
`1,`2=`min
h2`1`21 , (A15)
where we have used a fact that G`1`2 ' C`1 within al-
lowed ranges of `1 and `2. By choosing `max  `min, the
summations over `1 and `2 are analytically evaluated [31]
and we thus derive
F
(g)f(k)'1
2M,2M '
fsky
8pi
`2max , (A16)
F
(A)f(k)'1
1M,1M '
fsky
2pi
`2max . (A17)
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Appendix B: TripoSH decomposition of galaxy correlation functions including the wide-angle effect
In this Appendix, by means of the TripoSH decomposition, we deal with the anisotropic signal in the galaxy
correlation function without the local plane parallel approximation. Such a decomposition was already discussed in
the literature [50–54], while it was applied to the isotropic case there. We here apply it to the anisotropic case and find
the signal unreported in the literature. The following equations can be derived by use of the identities in Appendix C.
In this case, we need to treat three directions xˆ1, xˆ2 and xˆ12(≡ x̂1 − x2) independently. Let us introduce the
TripoSH basis [42]:
XLM``1`2`′(xˆ12, xˆ1, xˆ2) ≡ {Y`(x̂12)⊗ {Y`1(xˆ1)⊗ Y`2(xˆ2)}`′}LM
=
∑
mm1m2m′
CLM`m`′m′C`
′m′
`1m1`2m2Y`m(x̂12)Y`1m1(xˆ1)Y`2m2(xˆ2) , (B1)
whose orthonormality reads∫
d2xˆ12
∫
d2xˆ1
∫
d2xˆ2XLM``1`2`′(xˆ12, xˆ1, xˆ2)X L˜M˜∗˜``˜ 1 ˜`2 ˜`′(xˆ12, xˆ1, xˆ2) = δL,L˜δM,M˜δ`,˜`δ`1,˜`1δ`2,˜`2δ`′,˜`′ . (B2)
Using this, the 2-point correlator is decomposed as
ξs(x12, xˆ1, xˆ2) =
∑
``1`2`′LM
ΞLM``1`2`′(x12)XLM``1`2`′(xˆ12, xˆ1, xˆ2) . (B3)
Once the galaxy correlation function ξs is given, the coefficients can be computed according to
ΞLM``1`2`′(x12) =
∫
d2xˆ12
∫
d2xˆ1
∫
d2xˆ2ξ
s(x12, xˆ1, xˆ2)XLM∗``1`2`′(xˆ12, xˆ1, xˆ2) . (B4)
For xˆ1 = xˆ2 ≡ nˆ, the TripoSH basis reduces to the BipoSH one as
XLM``1`2`′(xˆ12, nˆ, nˆ) = (−1)`
′
√
(2`1 + 1)(2`2 + 1)
4pi
H`1`2`′X
LM
``′ (xˆ12, nˆ) , (B5)
so the coefficients recover the expression under the local plane parallel approximation analyzed in Sec. II, according
to
ξLM``′ (x12) =
∑
`1`2
ΞLM``1`2`′(x12)(−1)`
′
√
(2`1 + 1)(2`2 + 1)
4pi
H`1`2`′ . (B6)
We now compute the signatures from the galaxy correlation function based on Eq. (10), reading
ξs(x12, xˆ1, xˆ2) =
∫
d3k
(2pi)3
eik·x12Pm(k)
[
b(z1) + f(z1)(kˆ · xˆ1)2
] [
b(z2) + f(z2)(kˆ · xˆ2)2
]
. (B7)
In the isotropic case, Pm does not depend on any angles; thus, the signal vanishes except for L = 0, as
ΞLM``1`2`′(x12) = i
`
∫ ∞
0
k2dk
2pi2
j`(kx12)Π
LM
``1`2`′(k) , (B8)
ΠLM``1`2`′(k) =
√
(4pi)3(2`+ 1)2
(2`1 + 1)(2`2 + 1)
c`1c`2H`1`2`H``0δ`,`′δL,0δM,0 , (B9)
where c0 = [b+ (f/3)]Mk
√
Pζ(k), c2 = (2/3)fMk
√
Pζ(k) and c1 = c`≥3 = 0. In contrast, after a bit of complicated
computations, one can find that the curvature power spectrum in the quadrupolar asymmetry model (18) or the
dipolar one (21) creates not only Π00``1`2` but also
Π2M``1`2`′(k) =
√
(4pi)2(2`+ 1)(2`′ + 1)
(2`1 + 1)(2`2 + 1)
g2Mf(k)c`1c`2H`1`2`′H``′2 , (B10)
or
Π1M``1`2`′(k) =
√
(4pi)2(2`+ 1)(2`′ + 1)
(2`1 + 1)(2`2 + 1)
A1Mf(k)∑
J
cJ
[
c`2(2`1 + 1)H``2JH`1J1(−1)`
′ { `1 J 1
` `′ `2
}
− c`1(2`2 + 1)H``1JH`2J1
{
`2 J 1
` `′ `1
}]
. (B11)
11
These recover the real-space expressions of Eqs. (12), (20) and (23) via Eq. (B6).
Appendix C: Useful identities
We here summarize the identities used for the deriva-
tions of the equations.
The angular dependences in functions can be decom-
posed into spherical harmonics according to, e.g.,
Ll(kˆ · nˆ) = 4pi
2l + 1
∑
m
Ylm(kˆ)Y
∗
lm(nˆ), (C1)
and
eik·x =
∑
LM
4piiLjL(kx)YLM (kˆ)Y
∗
LM (xˆ) . (C2)
Via the addition rule of spherical harmonics
Yl1m1(nˆ)Yl2m2(nˆ) =
∑
l3m3
Y ∗l3m3(nˆ)hl1l2l3
(
l1 l2 l3
m1 m2 m3
)
,
(C3)
and the orthonormal condition∫
d2nˆYl1m1(nˆ)Y
∗
l2m2(nˆ) = δl1,l2δm1,m2 , (C4)
one can integrate the product of any number of spherical
harmonics.
The angular momenta in the Wigner symbols arising
from the angular integrals of spherical harmonics can be
added as∑
l3m3
(2l3 + 1)
(
l1 l2 l3
m1 m2 m3
) ( l1 l2 l3
m′1 m
′
2 m3
)
= δm1,m′1δm2,m′2 ,
(C5)
∑
m1m2
(
l1 l2 l3
m1 m2 m3
) ( l1 l2 l′3
m1 m2 m
′
3
)
=
δl3,l′3δm3,m′3
2l3 + 1
, (C6)
∑
m
(−1)l−m ( l l Lm −m 0 ) = √2l + 1δL,0 , (C7)
and∑
m4m5m6
(−1)
∑6
i=4(li−mi)
(
l5 l1 l6
m5 −m1 −m6
) (
l6 l2 l4
m6 −m2 −m4
)
× ( l4 l3 l5m4 −m3 −m5 ) = ( l1 l2 l3m1 m2 m3 ) { l1 l2 l3l4 l5 l6 } . (C8)
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